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Solve only three of the six following problems: the evaluation is limited to only three exercises.
Remember that to be evaluated you have to solve problems in both parts of the exam.
1. 4 pts Given A = {(x, y) ∈ R2 : x2 + 4y2 ≤ 1} evaluate
∫∫
A
|x|
1 + x2 + 4y2
dxdy
2. 6 pts Given S = {(x, y) ∈ R2 : 3x+ 2y = 1, x ≥ 0, y ≥ 0} and f(x, y) = x3y2 find sup
(x,y)∈S
f
3. 4 pts Solve the initial value problem
y′′(x) = −2x(y′(x))2
y(0) = 0
y′(0) = 1
4. 6 pts Given A = {(x, y) ∈ R2 : x4 + y4 ≤ 1} evaluate
∫∫
A
x2dxdy
5. 6 pts Solve the parabolic Cauchy problem{
ut = uxx + 2ux + 5u
u(x, 0) = x2e−x
6. 6 pts Solve the initial value problemy′(x) = −
2x
(1− x2) y(x) +
1
1− x2 y
2(x),
y(0) = 1.
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Solutions
1. Use the generalized polar coordinates
x = r cosϑy = 1
2
r sinϑ
which transform the given double integral
in
1
2
∫∫
[0,2pi)×[0,1]
| cosϑ| r
2
1 + r2
drdϑ =
1
2
× 4
∫ pi/2
0
cosϑdϑ×
∫ 1
0
r2 + 1− 1
1 + r2
dr
Answer
∫∫
A
f(x, y)dxdy = 2
(
1− pi
4
)
2. Write the Lagrangean L(x, y;m) = x3y2 −m(3x+ 2y − 1) and write the first order conditions:
3x2y2 = 3m
2x3y = 2m
3x+ 2y = 1
=⇒

x2y2 = m
x3y = m
3x+ 2y = 1
dividing the first and the second equation we find
{y
x
= 1
3x+ 2y = 1
=⇒
{
x = y
3x+ 2y = 1
=⇒

x =
1
5
y =
1
5
Note that the stationary point founded is certainly the absolute maximum, since the domain is
compact and the minimum of f is attained at the two point of intersection with the axses.
Answer sup
(x,y)∈S
f = f(15 ,
1
5) =
1
3125
3. Put u(x) = y′(x) in such a way the given equation is transformed into the separable first order
equation {
u′(x) = −2xu2(x)
u(0) = 1
=⇒ u(x) = 1
1 + x2
Going back to the original variable∫ x
0
y′(z)dz =
∫ x
0
1
1 + s2
ds
Answer y(x) = arctanx
4. We note that by symmetry we can limit our evaluations in the first quadrant
4
∫ 1
0
x2
(∫ (1−x4)1/4
0
dy
)
dx = 4
∫ 1
0
x2(1− x4)1/4dx
Put x4 = u so that our integral is∫ 1
0
u−1/4(1− u)1/4du = B(34 , 54) =
Γ(34)Γ(
5
4)
Γ(34 +
5
4)
= Γ(34)
1
4 Γ(
1
4) =
√
2
4
pi
since using reflexion formula:
Γ(34) Γ(
1
4) =
pi
sin pi4
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5. We that know if h solves the problem{
ht = hxx
h(x, 0) = e
a
2
xf(x)
then u(x, t) = e(b−a2/4)te−(a/2)xh(x, t) solves the problem{
ut = uxx + aux + bu
u(x, 0) = f(x)
This implies that we have to solve {
ht = hxx
h(x, 0) = x2
(p)
but solution of (p) is given by the formula
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2
(
x+ 2s
√
t
)2
ds
Now
e−s
2
(
x+ 2s
√
t
)2
= e−s
2
(
x2 + 4xs
√
t+ 4s2t
)
Observe that s 7→ 4xs√t is an odd function of s, so that
h(x, t) =
1√
pi
∫ ∞
−∞
e−s
2 (
x2 + 4s2t
)
ds
=
x2√
pi
∫ ∞
−∞
e−s
2
ds+
4t√
pi
∫ ∞
−∞
s2e−s
2
ds
= x2 +
4t√
pi
√
pi
2
= x2 + 2t
Answer u(x, t) = e4te−xh(x, t) = (x2 + 2t)e4t−x
6. Put A(x) =
∫ x
0
−2z
1− z2 = ln(1 − x
2) and seek for a solution of the form s(x) = c(x)eA(x) =
(1− x2)c(x). This leads to the separable equation for c(x){
c′(x) = c2(x)
c(0) = 1
=⇒ c(x) = 1
1− x
Answer s(x) = 1 + x
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